We study an anti-symmetric (square) well and barrier potential of depth/height (V 0 ) placed between two rigid walls. Unlike the usual double-well, here the closely lying sub-barrier doublets need not be the lowest ones in the spectrum. When V 0 admits certain calculable values, E = 0 or E = V 0 or both could become energy eigenvalues of the special eigenstate which emerge only if one seeks a linear solution of Schrödinger equation in the appropriate regions.
The fact that ψ(x) = Bx + C [1, 2] is the explicit zero energy (E = 0) solution of one dimensional Schrödinger equation
for free particle (zero potential: V = 0) has revealed the missing eigenstates in the special cases of well known and often discussed potentials [3] [4] [5] [6] [7] [8] . In the case of Dirac Delta well between two rigid walls [3, 7] , for a special strength parameter, one gets single eigenvalue at E = 0 which has zero curvature (
dx 2 ) in the domain. In other cases the new eigenstate has zero curvature in part(s) of the domain and more interestingly it may be a ground or any excited state of the potential [4, 6] . Recently, it has been shown [8] that the usual rectangular (double well or hole) potential could become special for the certain calculable values of the height and depth parameter |V 0 |. Then the double well can have the barrier-top eigenstate at (E = V 0 > 0) as a ground or one of the excited states. Similarly, the potential hole (V 0 < 0) can have E = 0 as one of the eigenstates.
In this paper, we place an anti-symmetric well and barrier of width 2b and depth/height V 0 at x = 0 between two rigid walls at x = ±a. We express this potential (see Fig. 1 ) as
and propose to solve its discrete eigenvalue problem completely. We consider three separate
is an interesting variant of the one-dimensional double-well potential. We will see that unlike the usual double well, here the closely lying sub-barrier doublets of the potentials need not be the lowest levels of the potential. Such a potential is discussed [8] mostly as a perturbed infinitely deep potential well. The cases (i) and (iii) will give rise to the condition such that for a fixed geometry the infinitely many special values of V 0 would enable the potential to have zero-energy or barrier-top eigenvalues apart from the usual eigenvalues which emerge from the case (ii).
Case (i): Boundstate at E = 0
For the the Schrödinger equation (1) in zero-potential region and for zero-energy we seek the solution as
which are compatible and vanish at their respective boundaries at x = −a and x = a. The solution of Schödinger equation (1) in the well and barrier region can be written as
Note that these two solutions and their derivative match at x = 0, consistently. Matching the wave functions and their derivatives at x = −b, we get
Similarly at x = b we get
Here we introduce a−b = d. In order to get the quantization condition or eigenvalue formula 
Upon simplification we find the condition on the potential parameter for the existence of zero-energy eigenstate in the double well potential as:
) can be obtained as
This potential is not treated exactly in textbooks. Here, we present the analysis that one would usually do ignoring the presence of E = 0, V 0 eigenstates. Instead of solutions (3) we now have for E = 0.
For the region −b < x < b, we choose interesting combinations of linearly independent solutions.
Note that these two solutions are match at x = 0 consistently. We match the solutions and their derivatives at x = −b, we get
Similarly, the matching conditions at x = b give
Again we demand the consistency of the above four Eqs. 
The condition (18) simplifies to:
The co-efficients B, C, D are given as
Here we seek the solution of (1) as
For the region −b < x < b, we have
We match the solutions and their derivatives at x = −b, we get
Once again the consistency condition for non-trivial solutions of A, B, C, D arising from Eqs. 
For all the calculations here we work with 2m = 1 =h 2 and fix a = 6, b = 2(d = 4). In the Table I , we list out the first five energy eigenvalues for various values of parameter V 0 in the potential (2) (Fig. 1 ).
First we assume V 0 = .0001 (very small) to recover from Eq. (15) the well known eigenvalues of particle in an infinitely deep potential:
. An ordinary value of 5 has Out of these the last three values are very close to the ones listed in the rows 8-11 of the Table I , we find that besides the zero-energy eigenstates the states with n = 1, 6, 12, 17, respectively are the barrier-top states (see also Fig. 4 ). So in these cases the potentials become more special as they possess both the zero-energy and barrier-top states. However, the value V 0 = 0.0359 does not make the potential special in either ways. In any case, the condition f (V 0 ) = g(V 0 ) is actually inexpiable, it however gave these interesting cases.
We have also confirmed that both the zero-energy and the barrier-top states are orthogonal to every other listed eigenstate of the same potential in the table I. For two ground states (n = 0) presented in Figs. 2 and 3 , we have calculated the uncertainty product: U = ∆x∆p. For the barrier-top state (n=0, in Fig. 2 ) U = 0.5696 and for the zero-energy state (n = 0 in Fig. 3 ) U = 0.5647. These values are greater than the well known minimum value of 1/2 (h = 1). For other interesting uncertainty products including that of the simplest zero-energy eigenstates can be seen in Ref. [10] We find that when V 0 increases calculations require high precision and accuracy for calculating the levels lying deepest in the well (see the rows 2,8-10 in Table I ). The expressions To the best of our knowledge the (square) well and barrier potential is discussed only as a perturbed infinitely deep potential. However, here we have presented a detailed analysis (see case ii above) of this potential. Nevertheless, but for the cases (i) and (iii) discussed here the spectrum of this potential may not be complete. The missing zero-energy and barrier-top states would disturb the nodal pattern of the eigenstates wherein according to the oscillation theorem [11] the eigenstate ψ n (x) must have n number of nodes (zeros).
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